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Introduction

Types of networks: (→ development of statistical approaches)
I Binary + static edges
I Discrete / continuous / categorical / ...
I Covariates on vertices / edges
I Dynamic edges:

I Continous time → point processes
I Discrete time → Markov,...

Types of clusters: (→ development of statistical approaches)
I Communities (transitivity)
I Heterogeneous clusters
I Partitions, overlapping clusters, hierarchy



Introduction
Networks can be observed directly or indirectly from a variety of
sources:

I social websites (Facebook, Twitter, ...),
I personal emails (from your Gmail, Clinton’s mails, ...),
I emails of a company (Enron Email data),
I digital/numeric documents (Panama papers,

co-authorships, ...),
I and even archived documents in libraries (digital

humanities).

⇒ most of these sources involve text!
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Figure: An (hypothetic) email network between a few individuals.
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Figure: A typical clustering result for the (directed) binary network.
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Figure: The (directed) network with textual edges.
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Figure: Expected clustering result for the (directed) network with
textual edges.



The stochastic topic block model

the stochastic topic block model (STBM) [BLZ16]:
I generalizes both SBM and LDA models
I allows to analyze (directed and undirected) networks with

textual edges.
But: cannot deal with dynamic networks !!

Goal: develop a dynamic extension of STBM
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Context and notations
We are interesting in clustering the nodes of a (directed)
network of M vertices into Q groups:

I the network is represented by its M ×M adjacency matrix
A:

Aij =

{
1 if there is an edge between i and j
0 otherwise

I if Aij = 1, the textual edge is characterized by a set of Dij

documents:

Wij = (W 1
ij , ...,W

d
ij , ...,W

Dij

ij )

I each document W d
ij is made of Nd

ij words:
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Modeling of the edges

Let us assume that edges are generated according to a SBM
model:

I each node i is associated with an (unobserved) group
among Q according to:

Yi ∼M(1, ρ),

where ρ ∈ [0, 1]Q is the vector of group proportions,

I the presence of an edge Aij between i and j is drawn
according to:

Aij |YiqYjr = 1 ∼ B(πqr),

where πqr ∈ [0, 1] is the connection probability between
clusters q and r.
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Modeling of the documents
The generative model for the documents is as follows:

I each pair of clusters (q, r) is first associated to a vector of
topic proportions θqr = (θqrk)k sampled from a Dirichlet
distribution:

θqr ∼ Dir (α) ,

such that
∑K

k=1 θqrk = 1,∀(q, r).

I the nth word W dn
ij of documents d in Wij is then associated

to a latent topic vector Zdnij according to:

Zdnij | {AijYiqYjr = 1, θ} ∼ M (1, θqr) .

I then, given Zdnij , the word W dn
ij is assumed to be drawn

from a multinomial distribution:

W dn
ij |Zdnkij = 1 ∼M (1, βk = (βk1, . . . , βkV )) ,

where V is the vocabulary size.
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Modeling of the documents

I notice that the two previous equations lead to the following
mixture model for words over topics:

W dn
ij | {YiqYjrAij = 1, θ} ∼

K∑
k=1

θqrkM (1, βk) .



STBM at a glance...
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Figure: The stochastic topic block model.
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Figure: The stochastic topic block model.



Inference

A likelihood based approach is adopted. The aim is to maximize
the complete data log-likelihood

log p(A,W, Y |ρ, π, β) = log
∑
Z

ˆ
θ
p(A,W, Y, Z, θ|ρ, π, β)dθ,

with respect to (ρ, π, β) and Y = (Y1, . . . , YM ).

Strategy:
I an approximated Expectation-Maximization (VEM)

algorithm is used to estimate the optimal (ρ, π, θ),
I a greedy classification (C) over the node labels Y is

performed.
The above two steps (C-VEM) are repeated until convergence.
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Dynamic data

Several network snapshots are observed during the time
interval [0, T ]: Enron Snapshots

We need a partition!

A partition of the time interval [0, T ] is introduced

0 = t0 < t1 < · · · < tU = T

and Iu := [tu−1, tu[, ∆u is the size of Iu.

A sequence of static networks is built by “summing” the
interactions between all pairs (i, j) over all Iu.
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The dynamic stochastic topic block model

I From Aij to Diju: the number of interactions that occurred
between i and j during Iu

I From W dn
ij to W un

ij : nth word during Iu
I Each time interval is assumed to belong to an unknown

time cluster:
Xu ∼M(1, δ),

where δ ∈ [0, 1]L is the vector of time cluster proportions.



The dynamic stochastic topic block model

I Yi ∼M(1, ρ) iid
I Xu ∼M(1, δ) iid
I Diju|YiqYjrXul = 1 ∼ P(λqrl∆u)

I θqrl ∼ Dir(α)

I Zunij |{D,YiqYjrXul = 1} ∼ M(1, θqrl)

I W un
ij |Zunkij = 1 ∼M(1, βk).



The dynamic stochastic topic block model

D ZΛ
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ρ
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θ α

W β



Inference

I Same trick as for STBM: Y and X are pivotal
I Consider log(D,W, Y,X|ρ, δ,Λ, β)

I C-VEM: maximize the log-likelihood with respect to
R(·), Y,X, ρ, δ,Λ, β, in turn.



Model selection

ICL = L̃(R(·);D,Y,X,D, β)− K(V − 1)

2
log(LQ2)

+ max
Λ,ρ,δ

log p(D,Y,X|Λ, ρ, δ)− LQ2

2
log(MU(M − 1))

− Q− 1

2
log(M)− L− 1

2
log(U).
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Analysis of the Enron scandal

I All email exchanges between 149 Enron employees
I Time window considered: September, 3rd, 2001 to January,

28th, 2002
I Three key dates:

I September, 11th, 2001: the terrorist attacks to the Twin
Towers and the Pentagon

I October, 31st, 2001: the Securities and Exchange
Commission (SEC) opened on investigation for fraud
concerning Enron.

I December, 2nd, 2001: Enron filed for bankruptcy, resulting
in more than 4,000 lost jobs.



Analysis of the Enron scandal

I The selected time window is partitioned into subintervals,
each interval corresponding to a week.

I U = 21 weeks
I 4321 directed edges
I Dictionary: 49955 words
I Test models (Q,K,L) ∈ {1, . . . , 10}3



Results

I Model selection: Q = 6, K = 9, L = 4

I Time clusters:
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Results : clusters of nodes

 

 

 

 

 

 

 

 
 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

   

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 
 

 

 

 

 

  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 
 

 
   

 

  

 

 

 

 

 

 

 

 
 

 

 

 

 

(a) Time cluster C1.

 

 

 

 

 

 

 

 
 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

   

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 
 

 

 

 

 

  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 
 

 
   

 

  

 

 

 

 

 

 

 

 
 

 

 

 

 

(b) Time cluster C2.



Results : clusters of nodes

 

 

 

 

 

 

 

 
 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

   

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 
 

 

 

 

 

  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 
 

 
   

 

  

 

 

 

 

 

 

 

 
 

 

 

 

 

(c) Time cluster C3.

 

 

 

 

 

 

 

 
 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

   

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 
 

 

 

 

 

  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
  

 

 

 

 

 

 

 

 

 

 
 

 
   

 

  

 

 

 

 

 

 

 

 
 

 

 

 

 

(d) Time cluster C4.



Results : clusters of nodes

(e) C1. (f) C2. (g) C3. (h) C4.



Results : topics
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Conclusion

I DSTBM : allows to model temporal networks with textual
edges

I C-VEM algorithm for inference
I Model selection criterion
I Find clusters of nodes and topics of discussions
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